Akira Yasuhara (Tsuda University)
Title. Arrow calculus for welded links

Abstract. We develop a diagrammatic calculus for welded knotted objects. We define
Arrow presentations, which are essentially equivalent to Gauss diagrams but carry no sign
on arrows, and more generally w-tree presentations, which can be seen as ‘higher order

Gauss diagrams’. We provide a complete set of moves for Arrow and w-tree presentations.
This Arrow calculus is used to characterize finite type invariants of welded knots and long
knots.

This is a joint work with Jean-Baptiste Meilhan (University of Grenoble Alpes).




0,
& Intro

T:/deay;‘hdy only or{, a{iaarawl ( 1*d'¢m " 2’AE\M)

(whil we a("(em omit ori )

ori. Link aliaaro.'m

viv‘ruaﬂ crossina

<]

L ¢ R (orS?)

;!

vea! Crossing

O OO triviak



Sty n% ﬂimk d io.amwl

% ool |3 triviad
VvV WV A 4
/! 2

e e, n

(S’rring) ,<n0+2 (STv'mg) ﬂ:’w|< o1c sinale curve

product of string Link diagrams

27




clessical objects: ©
{diaﬂmms wrih s /R—moves

R

(1) (1) -~ (IIZ)
O = ~= R > )(
/ (]II) \/

/

Reidemeisters Th

{ 7&3 n 3330%. —> {d‘ua%mms wrih A Ae-moves
7$o‘l'0fy

em bec“eal curves




+ @

S:

virtual ol:(jea
idlaaro.ms with s & X ‘I/P-moves

VR- moves

R QB A~ )2
B oY

we |ded oLd'ecl's :

iduaam\ms with /\ s & X 3/Q-moves

moyesS
OC

OC (gver /s commute) vie (gnder As commute)
S

N N X
X 7\
""or‘oidde\n”mwe




Rem. ( Groussaxov - R:/)rak Vi ’00)
classicd 5 vivtuad

classicd 5 welded

In 4his +tlk , our main oLJ'eUl' IS WQHQC(.

c\iaamm : dla&mm wth \/\ & ><

~ e%ul np o R-wmoves, VR-maves, oc

1.8,

PVYPOSQ

classicall en————

We,ldeal“ Dur '&n’rte 17Pe mv( via /\’ “— X )



& w-tree & w-arow

W—fYQﬂ(S) -(:or Q c{Iagyo.m D:
immersed unitivalent tree
with ( ovri. %
{do-l- —o— (mod2)

)

({‘e,. ——0— =
ST
> Ltrivalent verticesjnD=¢
S umvalent vertices§c DN\ { Kos, Xos

edge n D } Vth'Mﬁ C_mssmés
| edge r\ea(&e

__'*_:‘MJ. _*’__:'P\eaa(

2

Moo *lhead (nay ot o v o]

Wg-tree : W-tree with & ails

W-Qarrow : W, - tree



6ur3e|ty a.lon% W-arrow :

P_)k :4::‘_‘ | k_)‘ 2(13_—_“

Arrow pres.
D : diagram , V- diagram without /s

A : w-arrows for V
(V, A) : anow pres for D
€L D~ Va

; btained from V
4'“‘(}“’“ l‘; sutgery a.Qona A

de'F L ‘,
W,A) =WV A) & Va~Va



Rem Vdca rom has an arrow pres.

CX-RX

(V. A) canonical arow pres

C\)c@@

co.nomcmﬂ -
aWO‘O Pres ":ov D

Question
R, VR 2 I ) What kind O'F moves?
OoC

D+—— (VI A')



Thi
(V. A) = (v A) &> they are releted by

) (virtud isotopy )

vR - moveg (I)~(W) & —— — ’-]—c'

\} o N Th

I I |

diaavu:: tvee

(1) (Head/tald veversal)

T

2 (Tad exclrwmae) (3) (Isslcted )
§Z AN O
(—o—:= or —o— )

(4) ( Inverse )

e =
(5) (Slide )

TN TN



Rem.

(6), (1) ¢~ vR-moves 5 () «—~—» OC

(3), (4), (&) e~ R-wove§ (I),(I), (W) Vesp.

Kem (V,A) is simi lar o Gauss Jia%mvn

but { we donst need Sign (—e— does nst mean siav\)

(V, A) ss “fopoloaical" obJecf'
\ (that’s why we need moves c0)& (1))

™

( Gmuss alia%mm : “COmLinMvial" olp(iec;l-
which cle.scril)es diaamwl.)



@
Our koa:n'/'age

88“8?0.(128
Arrow pres > W-lree FYES
I l’\laker order -7 wln cfe{"me Soon

r e

(auss c(iazmm i i —> a?higher order

Su V%ery a/or)szL W-tree

Extewtion ( w-tree LOR w- arrows)

\(uam_ \((E)XZ

[x,¥] = X¥XY [X,¥] =— ¥XYX

EXAM‘QIQ

ababchabéa c




surgery 4l°“& W- tree
W : w-tree for 2 dio.a,mm D

DUW + DuAﬁL*l’df;’DA

w-arrows

DW .= DA cl w.a,mm obta: necl 'From D
by surgery alowg w

[Rem Shrgery a/oné w-tree has  Brunnian P""Pe"p"

W-tree pres

D: a/iagmm, \/: dlaa,mm w‘,"(‘hw \/\ '5'

W : w-trees 'For V
(V,W): w-iree pres. for D ?—g D~ Vw

(V. W)=V, V) S 2 Vo ~ Vi



Th2 ®
(V,w) =(V.w’) ‘[‘ #le/v related L)’ moves (o)~ (8):
©) virtuad ISO?LDP}/ & o~ < 7£PY

\,W_/
w-1ree

(1) (Heed / tail reversal)

w-1ree
(2) (Ta:l exchange )

'5( VA

\ possi blj same W-tree

(3) (Inverse)

Pamlle,]
w - trees

X - iﬁ

(%7 1[xY] X ¥10x¥]

4) (ghde) (W—'h’e.e.s aloné W-a.rrow)

U
7w W



(5) (Head exchanée)

Y/f] A

(6) ( Heod- Tail exchange )

w-trvee W-awwow

v



®

Exam l

RN
 BTE

-(L) @)QD@

(" 1| (fwo bride knst) = comected sum
i ) o‘[‘ Hivied kwnots




§ Wa -egui ( welded version of abirss Ch-ei.)
D, D': (string) Kink diaawams
D 1.3 D”: \A/&-egwl
@ 3D=D, Dy D =D sey. of J:aamms

S'T‘(Di—l & Di -
. surgery a/m(;

Alh—-..t

w-free ot derﬁ

Rem
(1) Ml = L (L),c(e{)

D ;&' D" > V’?o: Fnite type mVO')LJ%rgﬁ-[
(D) = P)




Prep3 @

{ welded string ’e"‘ks&/@ : fin#elj 8enem+ed
7t

Rem.
(1) {welded ['mlcsffl ={['I'Vivw.ﬂ linl:]}

(2) {Welaleal h- Comp. l:nks%%
= ‘Free al)el’.o.n anuf o-(: rank nn-1)

Th 4
(twist) (2) (Head- Tail exchamae)
)\ &+ * y k+-Q+1 m
Wi - tree Wi-tree we-free Wlm -tree

(3 (THX)

l
Wi -tvee ‘E-L



e
Vwelded dnst & O (for ¥ReN )

r—> B nontrivial {‘.v\ﬁe -|7Pe welded knot V.

Thé
K, K: welded S‘f‘ﬂ'g kmn‘s, (1)~ (3)are eguiualevrl'

m K2 K’
(z)Vgo.-)(:nz‘te *)'pe inv, mldegs%—-l, PK) = PK?)
(3) Olo(K) = O (K?) For 2¢ VORI

where /g : coet of (2-1)' in the Toyler ep.

/ of the normolized Alex poly
( Habiro - Kanenobu - Shima. 71 )

Cor 1

{We[:fec( sf'rivg liﬁb’fs% : ‘Fb{':ee ateimzﬁvwr
oT vYon -

( For ®=1 2, fhis c&«roaf is Mvin-a )



Rewm. By using YaJima-S’afvh’s tube map ,
Thé induce
(1) ( Hebiro-Shima. >0t )
Finite '7[>e inv. o’f vibbon 2-knots are
determined by the Alex. poly

(2) (Wotanabe ?06)
Yibbon 2- knots are RC&-CZw
&
Their f;m’fe '71’2 inv. of a’%qsﬁ—l ¢coincide




