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§ Intro

Today ,

we study only on : diagram ( t - dim in 2- dim )

( while we often omit ori )

ori
.

link diagram

virtual cross ,FEB
..ws,b

,
real crossing

• •  . : trivial



Z

string link diagram

/ 2 / 2 . . . n

(§§ ... : trivial

.

I YI
. .

.vn

( string ) knot : ( string ) link of single curve

product of string link diagrams

¥5 * ÷

¥5
×

$
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classical objects :

{

diagrams

with X 's YR .

movesR

1 ¥n¥ A K ¥) (

*
*'

xx

Reidemeiserslh

{

tingles
in s3%gy¥µF→{

diagrams
with X 's YR

. moves

|
embedded curves



virtual objects :
4

{

diagrams

with X 's & X 's

}/R
. moves

VR - moves

up' l
' ±n

,

) ( ⇒ X

* * ' * . * # *
welded objects :

{diagramswith X 's & X 's}/R. moves

VR - moves

OC

0C ( ever

YiscqmxmuytelY
(under X 's@ minute )

)*

-
*

#
_

iforbidden"

move
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Rein
. ( Goussarov - Polyak - Vivo '

oo )

classical ↳ virtual

classical ↳ welded

In This Talk
,

our main object is welded
.

i.e.
,

diagram : diagram with X & X

~ : equi up to R - moves
,

VR - moves
,

OC

Purpose
classical o_O finite Type in ( via Xs X )

Habiro 's

dasper Theory

welded

one
finite Type in ( via Xs X )

"

dasper Theory
"
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§ W - Tree & W . arrow

W -

trees
) for a diagram

D:
immersed uni trivalent tree

•

with
{

ori
. ytx 7dot - ( mod 2)

ace
.at:8#*

{ trivalent vertices } ND =P

{ univalent vertices
cD\{

X. s ,
X. s }| edge n D

} virtual crossings
edge hedge

t : tail t : head
-

,
-

Note ⇒ ! head may omit To draw ori

( but head )

wk . Tree : W - Tree with k tails

W - arrow : Wi - Tree
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surgery along W - arrow :

t.it :=¥i
,

t.it:=¥t
-• ÷ I

, +:= # , + '

.
= #

Arrowpresp: diagram ,
V : diagram without X 's

A : w - arrows for V

( V ,
A ) : arrow Pres for D

¥5 D ~ Van4iagram obtained from V

by surgery along A

( v. A) = ( V. A
' ) 5¥ Va ~ VA '
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Red t diagram has an arrow Pres .

P X - * = #
canonical arrowpre|D - (V.A.tn

Example
.

-

#tDo #
D

canonical
# pres for D

Question

D- ( V. A )

RJYR / "g)What kind of moves ?

D
'

' → ( V. A
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THI
( V. A) = ( V. A '

) ⇒ they are related by :

(01 ( virtual isotopy )

v R - moves ( I ) ~ ( II ) &

•|_ -

#•*.

ftp.
.

*

*agranof tree

( i ) I Head Hail reversal )

¢ -f. , ofst
(2) I Tail exchange ) (3) ( Isolated )

IX.Its .Is-

( a :=- or -• )

(4) ( Inverse )

#sl 1 s1•#

(51 ( slide )

t.IT#t.eIsKI
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Rent
( o )

,
(1) o_0 VR - moves

,
(2) o_0 OC

(3) ,
(4) ,

(5) o_O R - moves ( I )
,

( I )
,

( II ) Vesp .

Rent ( V
,

A ) is similar To Gauss diagram

but we do not need sign ( •- does not mean sign)

( V. A ) is
"

Topological
"

object|
( That's why we need moves (a) & (1) )

Gauss diagram
"

combinatorial
"

object(
:

whichdescribes diagram .

)
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Our advantage
generalize

Arrow Pres - W . tree pres .

higher order -7 twill define soon

Gaus¥diagram
.fm ⇒

higher order

surgeryalongwtreefxtention
( w - Tree , # W . arrows )

X Y × Y × y
× y

It

:*
"¥¥i

,"¥i

:#inky
:

[ X. I ] = XTIY [X#]= FXYI

Examples

⇐¥I¥IktIE*#**¥[¥E]=[[a5]c]
-

=

aFabc5abIE
- El
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surgery along W - tree

W : w - tree for a diagram D

Duw i¥s DULEY"
DA

W - arrows

DW : = DA : diagram obtained from D

by surgery along W

Rent surgery along W - Tree has
"

Brunnian property
"

w.tv#s

D : diagram ,
V : diagram

without
Yi 's

W : W . Trees for V

( V. W) : W . tree Pres .
for D ¥7 D ~ Vw

( V. W ) = ( V. W
' ) ¥5 Vw ~ Vw .
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TVW

) = ( Vsw ' ) if they related by moves ( o ) ~ (8) :

( o ) virtual isotopy &

A-
s

#w¥ee
( i ) ( Headltail reversal )

¢...

-t.y.at... st ...

#
. Tree

(2) ( Tail exchange )

⇒
X±

.

¥4
.

.

\ possibly same W - Tree

(3) I Inverse )
" parallel

"

f w . trees × Y
×

y
Y jjl-

-

,

"

¥n¥
"

XFTKX 'T ] [×I][IT]

(4) ( slide ) ( w - Trees along W . arrow )÷E¥
.

. I.#
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(5) ( Head exchange )

.

:g•¥i
"

"

*I
I #jic

÷
YLFT ] Y× [ XYJXY

:
jgjji

'
FEY

(6) ( Head .

Tail
exchange )

W . tree marrow

. . ¥. :¥¥. -7¥ .:¥¥
(7) ( Anti

symmetry
)

it:#siqyi[ YX ] [FY]
= YXFX =XY#

(8) 1 Fork )

affoas
-

saF#a[ Aa ] [aa]

[ aa ] }=l [ a- a) =L
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Exampled
on # ¥ #↳±

.sn#.±

t.gr#.IEated..tENote

= of # of t Ek
,

•A•

trefoil ( Two bride knot) = connected sum

of Trivial knots
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§ Wk - equi I welded version of Habiro 's Ch - equi . )

D
,

D
'

: ( string ) link diagrams

D h D
'

: Wh . equi

¥§ ⇒
D= Do ,

D
, . . .

,
Dm =D

'

: seq . of diagrams

st . D; . i ~ Di or

|
D; . , .sn#s'along_D ;

W . tree of degzk

Rent

( , ) # ⇒ hn ( by def )

(2) D £ D
'

⇒ top : finite type inv of degsh - 1

4 ( D) = 9 ( D
'

)

( by Brunnian property )
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Tfetdedstring
links %k : finitely generated

group

Rent

( i I { welded links }ff ={[ Trivial link ] )(2){ welded n . comp . links }µ
= free abelian group of rank ncn - I )

Th4_
(1) ( Twist ) (2) I Head . Tail exchange)

#
ktltt

-

k . K
.

.X
.t.in#Hi .

Wh - tree Wen . tree We . tree Wktl - Tree

(3) ( IHX )

want :*:*III .ie
,
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the
V. welded knot £ ( For the N )

tm # nontrivial finite Type welded knot in
.

T¥K
: welded string knots

,
( i ) ~ (3) are equivalent

(1) K k K
'

(2) V. 4 : finite Type in
.

of deg Ek - 1

,
9 ( k ) = 9 ( k ' )

(3) de ( K ) = de 1 k ) for 2£ teak - 1

where .de: coef of ( t -Illin The Taylor exp.

} of the normalized Alex poly

( Habiro - Kanenobu - Shima ' 99 )

Coal
{ welded string knots %~ : free abelian group

of rank k - 2

( For k= 1.2
,

This group is Trivial )
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Rent
. By using Yajima - Satoh 's tube map ,

Th 6 induce

(1) ( Habiro - Shima '
01 )

Finite types in v. of ribbon 2- knots are

determined by The Alex
. poly

(2) ( Watanabe ' 06 )

ribbon 2- knots are Pick - equi .

⇒

their finite type in v. of degekt coincide

t.ee#EieiiaIeatetFiEH


