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A mystery concerning homology 3-spheres (1)

M(3) = {closed oriented 3-manifold} /ori. pres. diffeo.
U
H(3) = {closed oriented homology 3-sphere} /ori. pres. diffeo.

©3 = H(3)/smooth H-cobordism (abelian group)

Theorem (Furuta, Fintushel-Stern)

®2 has an infinite rank

= ©3/torsion C Q> (because ©? is countable)

= Hom(©?%,Q) = QN (direct product of countably many Q)
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A mystery concerning homology 3-spheres (2)

so there exist (uncountably) many homomorphisms

e’ —-Q
but explicitly known one(s): Fr¢yshov and Ozsvath-Szabd
Habiro = no finite type rational invariant (e.g. Casson invariant)

is invariant under H-cobordism
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A mystery concerning homology 3-spheres (3)

candidate: Neumann-Siebenmann, Fukumoto-Furuta-Ue,
Saveliev

7 5
Vo= Z(—l)Z( 7 rank HF' (instanton Floer homology)
1=0

recall:
Theorem (Taubes)
S, (—1)rank HF?* = 2\ (Casson invariant)

Theorem (Manolescu)

The Rohlin homomorphism ©3 — 7./2 does not split
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A dream (1)

ultimate goal:

want to construct homomorphisms
0 —-Q (k=1,2,...)

method:
extend the interpretation of the Casson invariant
as a secondary invariant associated with the fact that
the first MMM class vanishes on the Torelli group
in the context of a larger group than the MCG and

new characteristic classes
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A dream (2)

H?*(My;Q) 3 eq — 0 € H*(Z,; Q) first MMM-class

= secondary invariant d; : Kg = Q ~X:H(3) = Z

H*+1(GL(N, Z); R) > Bapr1 — 07 € H*+1(GL(2k + 2,Z); R)

Igusa, Galatlus

0 € H**1(Out Fy;R) = secondary invariant

Kontsevich

tort1 € H*(hg1)anr2 = Hap(Out Fopyo; Q) 2 puy,
NN E2k+1 7& = H2(Hzx’xiooth;@) — 07 € H2( ;0{)’ Q)

= secondary? invariant 1 : @3 — Q
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Strategy (1)

extending M, = H,1 and e; = tay41, Ultimate goal:

H2(Htop ) 5 t2k+1 — 0 e H2 Hsmooth’(@ = U @3 N Q
g,1

Garoufalidis-Levine (based on Goussarov and Habiro)

H;‘E"Oth = {homology cylinder over %, ; } /smooth H-cobordism

!
HEGom = ©° = H(3)/smooth H-cobordism cege HEeoth

@3 — smooth _, 7 | — psmooth /@3 (central extension
g’l 9, 971
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Strategy (2)

exact sequence:

0 — Hl(ﬁg,l;(@) N Hl(HsmOOth;Q) N H1(®3@)
&~ HOln(@ii’Q) QN N H2( oL Q) _ Hz(HsmOOth,Q)

Problem
How is the huge group H'(©3; Q) = QN divided into

Coker ((H'(Hy1;Q) — H' (51" Q))  and

Ker (H2 (ﬂg,l; Q) N H2 (r’_{smooth7 Q))

Coker is non-trivial <
# homomorphism ©° — Q (s 0) which extends to H5%°°™" — Q
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Strategy (3)

Mal’cev completion of 713,1: -+ — Ng — --- — Ny = Hg

Theorem (Garoufalidis-Levine )

? foo T HYO™ — TimAuto Ny (symplectic auto. groups)

each factor pg : H;{T{f’oth — Autg Ny is surjective over Z

candidates for Ker: constructed a homomorphism

o
piHy1 — (/\SHQ o] 52k+1H@> x Sp(2g, Z)
k=1

and defined

(N2SP*HHG)P 2 Q 51— toq1 € H(Hg1;Q)
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Strategy (4)

replacing H,,1 with more geometric object
(2008, after a comment by Orr):

H;f’f = {homology cylinder over %, ; } /topological H-cobordism

Theorem (Freedman)
Any homology 3-sphere bounds a contractible topological 4-mfd

It follows that H"°o'" — H,’} factors through H,,,

t
@ N Hsmooth N Hg 1= H op

and the homomorphisms 4., 5 are actually defined on Ht‘)p

= topy1 € H(Hy 15 Q)
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Strategy (5)

Theorem (Sakasai-Suzuki-M.)

3 P - Hy (05,1)% ® H*(Sp(200,2)) — H*(H,1; Q)

= Hg(ﬁw,l) — H*(H E;Of)v(@) — H*(Hy1;Q)

H2(hoo1) D tory1 (Lie algebra version) — to, 1 € H2(H,1;Q)

Kontsevich

H2(Doo)arre = Hy(Out Fapyo; Q)

S togt1 > ur  Morita classes

only k£ = 1,2, 3 are known to be non-trivial (using computer)
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Strategy (6)

as the first step, want to prove the non-trivialities of

t2k+1 = M (]{7 = 4,5, . )

computer computation is at present hopeless

because it requires huge memories and time

trying to prove the non-triviality by considering
possible geometric meaning of u; and then

utilize it
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Characteristic classes of flat vector bundles

Bopr1 € H¥H(GL(n,R)%;R) (Borel regulator class
+

Theorem (Borel)

lim H*(GL(n,Z);R) = Ar(fs, B3, . . .)

n—oo

what is the stable range ? of the Borel classes

We can also consider the Euler class for comparison
x € H>*(SL(2n,R)%; Q) (unstable class)

what is the critical monodromy ? of the Euler class
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Critical monodromy and dimension for non-triviality (1)

H*(gl(k,R),O(k)) — H*(GL(k,R)’; R)

H*(g[(2k‘+ 1,R),O(2k‘+ 1)) o~ H*(Sl > S5 NP, S4k+1;(@)

Bz - Bokgl
H*(gl(2k + 2,R), O(2k 4 2)) = H*(S' x 85 x .. x §k+1 . §2k+2. )
Bz - Bokgl X
H*(gl(2k + 3,R), O(2k 4 3)) = H*(S' x 8% x .. x §4+1 ¢ g4k+5. @)
Bs - Bkt Bok+3

Shigeyuki MORITA Flat bundles and invariants of homology spheres



Critical monodromy and dimension for non-triviality (2)

H*Y(GL(2k, 7)) — H* Y (GL(2k + 1,7Z)) «
0 (form level) Bok+1 =0
(Lee), Bismut-Lott
— H*™F(CL(2k 4 2,2)) — H* Y (GL(2k + 3,7))

k=1, (O3 = 0 (Lee-Szczarba) B3 # 0 (EGS?)
k=2; [(5=0,Elbaz-Gangl-Soulé 35 # 0 (EGS?)

k>3; [ax+1 =07 (unknown) Bor+1 # 0 (Lee)
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Critical monodromy and dimension for non-triviality (3)

Sullivan:
x =0 ¢ H**(SL(2n,Z); Q)
Milnor:
X # 0 € H*(SL(2,Z[1/2]); Q)
=
x#0¢€ H2”(SL(2n, Z[1/2]); Q) (for any n)
because

H?(SL(2,Z[1/2]); Q) ® - ® H*(SL(2, Z[1/2]); Q) > x*"

— Y € HQ”(SL(Qn,Z[l/ﬂ);Q)
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Critical monodromy and dimension for non-triviality (4)

Theorem (Moss)
Let R be a ring in which 2 and 3 are invertible, then

sz {7 6203

H;(SL(3,Z[1/2 or 1/3]); R) = {OR (E;h;ranie

thus Z and Z[1/2] coefficients cases are completely different!
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Conjectural meaning of Morita classes (1)

geometric meaning of i € Hyp(Aut Foyyo; Q)

Conjecture

ur € Hyp(Aut Fyyy0; Q) can be detected by a secondary class
associated with the two different reasons for the Borel class
Bokr1 € H*+1(GL(N,Z); R) to vanish in

H¥*+1(Aut Fy;R) and H*+1(GL(2k + 2,7Z); R), namely

((po)wj 24 — Tagy i) #0 7
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Conjectural meaning of Morita classes (2)

Z%(Aut Fop0;R)  —L—  5C™(Aut Fopys;R)
j2s T“partial map” p* T“partial map”

5CHH(GL(2k + 2,Z);R) o — Z4%+1(GL(2k + 3,7); R)

8(5* zap — Pizar) = 0 —2— p*bory1 = Ozap,

w] v

_ 2
J bog1 = 0xg, ——— bok+1

((po)wj* 24k — Tag, ) 07
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Conjectural meaning of Morita classes (3)

supporting side-evidence

Theorem (Sakasai-Suzuki-M.)

The even MMM class eq, € H* (M, ) can be interpreted as

a secondary class associated with the two reasons for the Borel
class Bor, 1 € H**+1(GL(2g,7); R) to vanish in

H*F1(Aut Fyy; R) and H*+1(Sp(2g, Z); R), more precisely

(=1D)*
(2K)!

(7" 24 — POYak) = ((2k + 1) ea, € H*(My1;R)

\V)

proof depends on Igusa’s higher Franz-Reidemeister torsion
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Conjectural meaning of Morita classes (4)

Nk
(77 24k — PyYar) = % C(2k +1) eg € H*(My1;Q)

-

Z%(Mgy;R) L —  5C*%(Aut Fy,;R)
j24 T“partial map” p* T“partial map”

5CH(Sp(29,Z); R) 21— Z4+1(GL(2¢, Z): R)

O(J* 24 — D§Yar) = 0 ——— p*bop1 = Ozup,

I I

J*bokt1 = Oyar,  —— bok+1
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Conjectural meaning of Morita classes (5)

conjectural geometric meaning of u. (dual version), based on:

Theorem (Conant-Vogtmann)

Hyp(Aut For 125 Q) 3 fig (lift of i) — 0 € Hyp(Aut Fop13;Q)

Theorem (Conant-Hatcher-Kassabov-Vogtmann)

ik € Hy(Aut Fori0; Q) is supported on a certain
free abelian subgroup Z** C Aut Fy o
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Conjectural meaning of Morita classes (6)

pi(pr) =0 € Hy(GL(2k + 2,Z); Q)  and
(ugkt1, Bok+1) #0 (= . #0)

ﬁk’_’a“gkﬂ
e

Zyg(Aut Fopy0:Q) 0Cp+1(Aut Fopy3; Q)
fig—=0uby lp* p*l

0Cu11(GL(2k +2,2);Q)  —"—  Zuy1(GL(2k + 3,2); Q)

Ukl = [p*ugkﬂ —iyuby 1] € Hypy1(GL(2k + 3,Z); Q)
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2k +1 1 3 5

weight (4k + 2) 2 6 10
generators of b, 1,vGalois | A*H/H | S*H | S°H
period ¢(1) | ¢B3) | ¢06)

Soulé (Galois image) o3 o5

H?(Hoo1 ) akt2 €1 t3 ts

Hyp,(Out Fop0) M| e

Borel class B3 Bs

3-dim. invariant A V3 vs

hg1(2k + 1) D S*+1Hg (trace component)

(A2 Fg)e o @ L 610 < (4k + 2) Galois image ?
= topr1 € H2(hg1)akr2 = piy € Hyp(Out Foyio)

i 2 (qto 2 (qysmootl
e topyr € HO (M1 )art2 — H*(Hgh™™) a2
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