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Kauffman bracket

D: link diagram in R? C R3
(D) € Z[A, A71] is defined by

(=AY +A )

- skein relation
(D' U Q) = (=A% — A72)(D') --trivial knot relation
0) =1

Here O: trivial knot, (): empty link.

~+(D): invariant of framed links
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Framed links

A framed link is an isotopy type of an image of an
embedding of a disjoint union of annuli into R3.

% .
Pl LK

Rl >< <—><>: RII \/>/\<+\/</\

In other words,

(the set of framed links) = (the Seté’lfF'{inkR‘ljlilagramS)_
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An example of Kauffman bracket

() = ALy +AH()
= A+ ()

H S +A(H)

— A2(_A2 o A—2)2 + (_A2 o A—Z)
—I—(—A2 _ A—Z) + A—2(_A2 . A—2)2
= (A* + AN (A2 + A2




Mpping class groups

> : compact connected surface

Diff *(X, 0%): the set of orientation preserving
diffeomorphisms which fixes 0% point wise
M(X) o Diff (X, 0%)/ (isotopy rel. OX)
M(X): mapping class group of ¥
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Dehn twists

c: s.c.c.(simple closed curve) in X
te € M(X): (right hand) Dehn twist along ¢

;g

7
e N

Fact (Dehn-Lickorish)
M(X) is generated by Dehn twists.
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abstract

o We will establish some explicit relationship
between the study of Kauffman bracket and
the study of mapping class groups.

o We study the action of mapping class groups
on Kauffman bracket skein algebras and and
Kauffman bracket skein modules.

o We need ‘the logarithms' of Dehn twists.

o We need ‘completions’ of skein algebras and

skein modules.
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Tangles in X x [

Y : oriented compact connected surface
J=AP, Py, -+ Py} COL, | =[0,1]

T (X, J): the set of unoriented framed tangle in
¥ x | with the set of base points J x {3}
T(2) < T(Z.0)

(ex)S1 =R/Z, T(S! x 1,{(0,0),(0,1)})
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Skein algebras and Skein modules

def. QIAALT(Z,J)
S(Z’ J) ~ (skein relation, trivial knot relation)

S(T) < S(x,0)

TeT(X,J)

(T): the element of S(X, J) represented by T
§ € M(X)

E(T) S (€ x id(T))
wM(Z) A ST, J)
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The product and the action

LL,L,beT(X), TeT(XJ)

1
def. . def —+ def. [——
Ll b TS 7 TLE

0 T (1) - (2) -~ (3)

S(X) x S(X) — S(X) product by (1)
S(X) ~ S(X, J) left action by (2)

S(X,J) ~ S(X) right action by (3)
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Lie algebra and Lie action

Remark
S(X,J) is a free Q[A, A~!]-module.

Remark

( A7) ¢ =(A=A{( )= )

Definition

For x,y € S(%), [x,y] & == (xy — yx).

~(S(X),[,]): Lie algebra

Definition

For x € S() and z € S(X), o(x)(z) & —amt (2 — 2x).

~S(X, J): S(X)-module with o
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The group ring of the 1st homology

HE Hy(X)
QH: the group ring of H over Q
i Hx H — Z: the intersection form of H

[, ]:QH x QH —QH
(a, b) —i(a, b)ab

Here a,b € H.
~(QH,[,]): Lie algebra
(furthermore Poisson algebra)
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A homomorphism ¢ : S(¥X) — QH
Q-algebra homomorphism ¢’ : S(¥) — QH is
defined by

o €(A) = —1,

(D) =TI ([ — (1),
Here L=hUhU---Ul, (/i component of L).
Proposition

o ¢ Is well-defined.

o ¢ is a Lie algebra homomorphism. In other
words, for x,y € S(X),

[6( ) ( ) = €(lx, y])-
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An augmentation mape

2. compact connected oriented surface with
non-empty boundary
x € 0L, pr: L X1 =X (x,t)— x
e : S(X) — Q is defined by
o €(A) = —1,
o e((L)) = (=2)11,

Here |L| is the number of components of L.

~¢ is well-defined.
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Goldman Lie algebra 1/3

x (X, %), T =4 7 /(conj.)
|.

| - Qmr — Qm, the quotient map
=the forgetfulmap of the base point

—

def.

mo = /(x| ~ [x71)

|0 : Qr — Qm, the quotient map
=the forgetfulmap of the base point and
orientations

16 / 39



Goldman Lie algebra 2/3

a € &, b € 7 in general positon
def.
U(a)(b) - Zpeaﬁb E(p’ d, b)b*papbp*

e(p, a, b): local intersection number of a and b at p

a
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Goldman Lie algebra 3/3

acmw, ber

o(|aln)(b) :f o(|al)(b) + a(]a~1|)(b)
[lalo, [b]0] = |o(|alo)(b)]

Goldman ~~

(Q7,[,]): Lie algebra, (Qm, [,]): Lie algebra

Kawazumi-Kuno ~~

o Qm is Q@-module with o.

o Qm is Qm-module with o.
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The definition of k : Qm — ker ¢/(ker €)?

rem L e T(D) st p(ly) = o (= L] = 1)
w(L,) o f(the set of positive crossing of L,)
-f(the set of negative corssing of L,)

K(r) L (L) +2—3(A—A)w(L,) € kere/(ker €)?
r(r) is independent on the choice of L,.

K induces

o ki : Qm — kere/(kere)?,

o kO : Qo — ker e/(ker €)?.
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Remarks of x 1/2

Remark
For x and y € T,

R(xy) = K(yx),
r(x) = K(x7),

k(xy) + r(xy 1) = 2k(x) + 2k(y).

Remark
ko is Lie algebra homomorphism. In other words, for x
and y € Qmo, ro([x, y]) = [ka(x), koly)]-
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Remarks of x 2/2

Remark
The Q-module homomorphism

QA+ 1)@ Qn/Q1 — ker ¢/ (ker €)?
A+1 > A+1
rem— k(r)

IS surjective.

The augmentation map ¢, : Qm — Q is defined by
rem— 1.
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The basis of kere/(kere)? and A : A3H — ker ¢/ (ker €)?
Theorem (T.)

o Qm/((kerer)* + Q1) — kere/(ker€)? is well-defined.

o If w is a free group generated by dy, d,,--- , dy, then
ker €/ (ker €)? is Q-module with basis

[A+ 1} U {{ds, )i <} U{{dh, )i < j < k}.

Here (d;, d;) <" k((d; — 1)(d; — 1)), (di, dj, dh) <" k((d — 1)(dj — 1)(dk — 1)).

Corollary

MNHAHAH — —kere/(kere)?
aNbAhc —{a, 8,7)([a] = a,[8] = b,[7] = c € H)

is well-defined and injective.
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Out line of proof

(generate) Use the lemma.

Lemma

o Foraandr € m,
rk(a*r) = —k(r) + 2k(ar) + x(a).

o Fora,b,c and d € ,
k((a—1)(b—1)(c—1)(d—1))=0.

(linear independent)
Use Kauffman bracket.
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Proof of the linear independence 1/3

Let > be a compact connected oriented surface with genus g and
b + 1 boundary components.

Fix an embeding e : ¥ x | — S% and

ai, bi,... a5, b, c1,...,cp € m(X) as the figure.
Here 2g + b= N.

[aa]]}

Tsuji (Univ. of Tokyo)
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Proof of the linear independence 2/3

We fix d1 = dai, d2 = bl, s 7d2g—1; dzg, d2g+1 =
Cl, ", dagib = Cp.

Define v : S(X) — Q[A, A1 by (T) s (e(T))
for T € T(X).

We remark that v is NOT a Q-algebra

homomorphism.
Fact

v((kere)”) C (A+ 1)"Q[A, A1]

q(A + 1) + Zigj qij<d/7 dJ> + Zi>j>k qijk<d/7 dj, dk>
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Proof of the linear independence 3/3

We assume Q € (ker€)?. Denote t At
For i > j, v(Q{d;, d;)) = 48q;;t*> mod t3
V(Q<d,', d,>) = (—6(] + 240(],‘,‘)1’2 mod t3
v(Q(A+1))=(g—6 Efvzl gi)t*> mod t3
~qjj = 0,—6q + 240q;; = 0,9 — 6 vazl gi =0
~qij=0,9;=0,g=0

V(Q2) _ 192(Zi<j<K q,-jk2)t3 mod t*
M*z:i<j<K qijk2 =0 ~qj =0
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Filtrations

§ : kere — (ker ¢/(ker €)?)/QimA\

Lemma
(ker 6)? C (kere)3, [kere, kere] C kere
[ker €, ker 6] C ker §, [ker 4, ker §] C (ker ¢)?

FOS(T) < FIS(T) € S(%),
F2S8(X) “ kere, F3S(X) 2 ker 6,

FrS(T) Y ker eF-2S(X) for n < 4

Proposition
[F"S(T), F"S(E)] € Fm1=28(x)
FTS(Z)FmS(Z) C F™1S(X)
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Completions

def

S(5)  m S(E)/FS(E)
S(Z,7) 2 limi o S(E, J)/FIS(E)S(E. J)
Theorem (T.)

Y : compact connected oriented surface with
non-empty boundary

S(X) — S(Y) : injective
S(X,J) — S(X, J): injective

Is the quotient map injective if X is closed?
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The logarithms of Dehn twists

Theorem (T.)

> : compact connected oriented surface

J C O0X: finite subset, c: s.c.c. in X

L(e) & Gt (cosh™(=5))* € S(¥)

og (1) ™ >~ =2(id = /() = o(LO)() : ST J) = S(Z.J)
In other words,
() = explo(L() Z S(o(L(e) € Aut(S(Z, J))
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Out line of proof 1/2

def

) for n E Z
Using skeln relatlon

OAOROM
©.©.©

T FAr1
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Outline of proof 2/2

AtA
U(4|ogJE A(

h™H(=3))2)(r°)

4|0( 77((cosh™ H=5)r® = r¥(cosh™'(—14)?)
(log(—Ar))? — (log(—=A"'r))?)
(. (cosh™(25—) = log(x))
= a1og(-ay ((log(—A))*r® + 2 log(—A) log(r) + (log(r))?
—(log(—A))*r? + 2log(—A) log(r) — (log(r))?)
 tog(r) = log(#)()

4Iog( A) (




Goldman Lie algebra version

Theorem (Kawazumi-Kuno, Massuyeau-Turaev)

c:s.c.c. in X, t.: Dehn twist along c
Then we have

og(tc) = (|3 (1og(c))?]) : @r — @r.

Here @r e ILn,-_mQﬁ/(ker €x)l.
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Toreilli groups and Johnson homomorphisms

Y : compact connected oriented surface with
nonempty connecting boundary

J = {p07p1} C 0%

Remark
M(E) ~ S(T, J), faithful
M(Z) < Aut(S(Z, J))
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Baker Campbel Hasudorff series

—_—

For x,y € F?S(X),

beh(x, y)

x+y + byl + g (xbo vl + Iy Iy, XD -

Fact
—

(F3S(X), beh): group

_ e

exp : (F3S(X), bch) — Aut(S(X, J)) :group

homomorphism
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Torelli group

Z(X) € M(X): Toreilli group

(Ee€Z(X) = Vae H(a) = a)

Fact

I(X) is generated by {t. t., |ci, co : BP}.

0-0 ( 0~0
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Key lemma

Lemma
C1, Co: BP s.t. ¢c; = |I‘ Hfle[a,-, b,] 0o, & = ‘I"D
for some a1, by, -+ ,ak, bx,r €m

Then we have .
L(er) = Liex) = A= X4, [ A [a] Ab]) mod FS(E)
In particular, L(c;) — L(c) € F3S(X).

Corollary

For all ¢ € Z(X), there exists x; € F3S/(E) such that
£ = exp(xe).
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Proof of the lemma 1/2

In this proof, all equations are in
S(X)/(kere)? = S(X)/F*S(T).

For R,x,y € m, we have

k(Rxy) = —rk(Ry *x™1) + 2k(R) + 2x(xy)

= k(Ry 'x) — 26(Ry 1) — 2k(x) 4 2k(R) + 2k(xy)
= —k(Ryx) + 2k(Rx) + 2x(y) + 2x(Ry)

—4k(R) — 4r(y) — 2r(x) + 2k(R) + 2k(xy)

= —r(Ryx) +2k(Rx + Ry +xy — R —x — y).

Hence we have

R(Rxy — Ryx) = r((R = 1)(x = 1)(y — a)).
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Proof of the lemma 2/2
We have

L(c) - L(c) = —%(C1C2)

— —%(/{(r H[a/, bi] —r))

= —% Z k(r H[a,‘, bi] — rH[aiv bi])
T Z A([rl:[[a,, bilajbj] A [ai] A [bi])

=\~ Z[r] A lai] A [bi]).
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Johnson homomorphism and skein algebra

Using the lemma we have the following.

I(S(X)): the subgroup of F3S(X) generated by
{L(c1) — L(c)|c1, ¢ : BP}.
Theorem (T.)
7 : Z(X) — A3H:(1st) Johonson homomorphism
(8(%)) = FS(x)/F5(%)
exp O L O TA
Awt(S(Z, ) = I(T) — A3H
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